Based purely on symmetry considerations, we derive the following result: in momentum space, the cubic term in the Lagrangian for a field of spin λ is equal to the cubic term in Yang-Mills theory, raised to the power λ. This result is valid for all λ for Lagrangians that contain a cubic interaction vertex involving three spin λ fields, in four-dimensional flat spacetime. For λ = 3, we present an additional derivation of this result.
A consistent description of the quantum interactions of higher spin fields (λ > 2) is fraught with difficulties, mostly stemming from the higher-derivative structures inherent to such theories. The most comprehensive investigations of higher spin theories [1] are at the level of the equations of motion and hence inherently on-shell. We are interested in an off-shell formulation of these theories, with a Lagrangian description [2] . Very little is known in this case, even up to the quartic interaction level. The infinite-dimensional gauge symmetries underlying massless higher spin theories could result in surprising ultra-violet properties, making them interesting to study. For a nice summary of various no-go theorems, associated with massless fields in flat spacetime, and ways around them, see [3] . Earlier off-shell investigations of interacting higher spin theories in flat space include [4, 5] and references therein.
In this paper, we derive the following result: In momentum space, the coefficient of the cubic interaction vertex for a spin λ field is equal to the corresponding Yang-Mills (spin=1) coefficient, raised to the power λ. This result is obtained only for Lagrangians that contain a cubic interaction vertex involving three spin λ fields, in four-dimensional flat spacetime. We briefly review the standard light-cone approach to constructing an interacting higher spin theory and then recast the results, introducing spinor helicity products, into a form that makes the result stated above, manifest. Light-cone gauge eliminates the unphysical degrees of freedom but Poincaré invariance is no longer manifest and will be checked.
Background
In this paper, we Fourier transform the higher spin (spin λ) Lagrangian of [4] and rewrite it in terms of spinor helicity products to prove that the cubic term in the Lagrangian is equal to the cubic term in Yang-Mills theory, raised to the power λ. One direct consequence of our result: when put on-shell, the coefficient of this cubic term in the higher-spin Lagrangian yields one of the simple scattering amplitude structures suggested in [6] .
Cubic vertex structure
We work here with a Lagrangian describing a spin-λ field including a cubic interaction vertex involving three spin-λ fields [4] . Thus the cubic vertex we consider is only one among a large family of consistent cubic interaction vertices that have been constructed for higher spin theories [7] .
Spinor helicity and light-cone gauge
The application of spinor helicity methods to quantum field theory [8] has led to significant advances in our understanding of physics. In light-cone gauge, only the physical degrees of freedom ie. helicity states propagate, making it the natural framework to use when applying spinor helicity methods to Lagrangians.
The KLT relations
Gravity and Yang-Mills theory seem to be decribed be very different Langraigans but there exist surprisingly close perturbative ties between the theories derived starting from the KLT relations [9] . In Yang-Mills theory, we define color-stripped partial amplitudes by
where A tree n is a tree-level scattering process involving n gluons, g the Yang-Mills coupling and all colour information is contained in the trace. For gravity, we define
where M tree n represents a tree-level gravity scattering process and κ 2 = 32πG N is the coupling in terms of the Newton constant and M tree n is the coupling-stripped amplitude. The KLT relations then read
suggesting the possibility of a much broader and intriguing relationship of the form
Such a broad relationship however would require far more than simple tree-level connections.
MHV Lagrangians
This on-shell connection between Yang-Mills theory and gravity does have a nice Lagrangian (off-shell) origin. A suitable canonical field redefinition of the Yang-Mills Lagrangian results in an 'amplitude-friendly' MHV Lagrangian wherein the perturbative structures are manifest at the off-shell level of the Lagrangian [12] . An analogous redefinition for gravity [13] yields a MHV gravity Lagrangian. The origin of the on-shell KLT relations is then entirely manifest and visible at the level of the respective off-shell (MHV) Lagrangians [13] .
The primary motivation for this work is to ask whether such off-shell realizations of the KLT relations exist even for higher spin theories
The aim of the present paper is to begin answering this question.
We start with a brief review of how the light-cone gauge cubic interaction Lagrangian, for higher spin theories, is derived following [4] . We then Fourier transform and re-write this result in the language of spinor helicity products. After a few simple algebraic manipulations, we will show that the off-shell cubic interaction vertex for a theory of spin λ is the corresponding Yang-Mills vertex, raised to the power λ.
We define light-cone co-ordinates in (−, +, +, +) Minkowski space-time as
The corresponding derivatives being ∂ ± ,∂ and ∂. In four spacetime dimensions, all massless fields have two physical degrees of freedom φ andφ. The generators of the Poincaré algebra, in light-cone coordinates, are the momenta
defined using the prescription in [11] . The rotation generators
and their complex conjugates. λ is the helicity of the field and ∂ + = ∂∂ ∂ − using the free equations of motion (which picks up corrections in the interacting theory). Any four-vector may be expressed as a bispinor using the Pauli matrices, p aȧ = p µ σ µ aȧ , with det(p aȧ ) yielding −p µ p µ . We also introduce the spinor product
The Hamiltonian for the free field theory is
with the last equality valid only for the free theory. We also write
thereby introducing the time translation operator
where {, } denotes the Poisson bracket. When interactions are switched on, this δ H operator picks up corrections, order by order in the coupling constant α. At order α, based purely on helicity considerations 1 , the interacting part of δ H , based on helicity considerations [4] , has to have the form αφφ + αφφ (apart from derivatives and constants). For the first of these two terms, we start with the following ansatz
where µ, ρ, σ, a, b are integers. Three Poincaré generators pick up O(α) corrections
where δ α s and δ ᾱ s represent spin transformations whose forms are not relevant to the results that follow. The requirement of closure of the Poincaré algebra imposes various conditions on the integers introduced in (11) . The commutators
yield
while the other commutation relations determine the values of a, b, µ, ρ and σ. We thus obtain [4] 
for even λ. For odd-helicity fields, closure of the algebra requires the introduction of an antisymmetric structure constant yielding
We repeat the steps above for the αφφ term in δ H . Using (9), we may obtain the complete Hamiltonian, to this order. The corresponding Action reads [4]
for even λ and
for odd λ. Both cubic vertices above, in momentum-space, have the following structure (measure and constants suppressed)
The momentum-conserving delta function δ 4 (p + k + l) implies that
allowing us to rewrite (17) and (18) as
(21) for even λ and
(22) for odd λ. We know from the MHV Lagrangian for Yang-Mills theory [12] that the cubic term in the Action looks exactly like the equation above except for the factor in square brackets which instead reads
Thus, the coefficient of the cubic interaction vertex in higher spin Lagrangians is equal to the corresponding coefficient in pure Yang-Mills theory raised to the power λ, ie.
3 Light-cone Action from the Covariant Action
In this section, we relate the light-cone and covariant approaches to higher spin theories for the case λ = 3. We derive (18), for λ = 3, starting from the covariant Action [16] . Our starting point is the free action
where φ aµ = φ aµν ν . The corresponding field equations read 
where η µν is the Minkowski metric and 
λ νρ is symmetric and traceless implying that nine gauge parameters may be chosen. Lightcone gauge is imposed by setting [17] φ +µνa − 1 4 η µν φ +σ a σ = 0 .
The equations of motion yield φ ++−a = φ +11a = φ +22a = 0 ,
